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ON INTEGRALS INVOLVING HERMITE POLYNOMIALS
D. BABUSCI†, G. DATTOLI‡, M. QUATTROMINI‡
Abstract. We show how the combined use of the generating function method
and of the theory of multivariable Hermite polynomials is naturally suited to
evaluate integrals of gaussian functions and of multiple products of Hermite
polynomials.
The generating function method is often exploited to derive the analytic form of
integrals of the type [1]
(1) In =
∫
∞
−∞
dxHn(a x+ b, y)e
−c x2+αx
where
(2) Hn(x, y) = n!
[n/2]∑
k=0
xn−2 k yk
(n− 2 k)! k!
is the two variable Hermite polynomial with generating function [2]
(3)
∞∑
n=0
tn
n!
Hn(x, y) = e
x t+y t2 .
By taking into account this identity, from eq. (1) we obtain
(4)
∞∑
n=0
tn
n!
In = e
b t+y t2
∫
∞
−∞
dx e−c x
2+(a t+α)x ,
and, thus, we have reduced our problem to the evaluation of a trivial gaussian
integral, which yields
(5)
∞∑
n=0
tn
n!
In =
√
pi√
c
exp
{
α2
4 c
+
(
b+
αa
2 c
)
t+
(
y +
a2
4 c
)
t2
}
.
The use of the generating function (3) allows us to write the integral (1) as
follows
(6) In =
√
pi√
c
exp
(
α2
4 c
)
Hn
(
b+
αa
2 c
, y +
a2
4 c
)
.
Moreover, since
(7) Hn(x, y) = exp
(
y ∂2x
)
xn ,
we can write In in the following operational form
(8) In =
√
pi√
c
exp
(
α2
4 c
)
exp
{(
y +
a2
4 c
)
∂2b +
αa
2 c
∂b
}
bn .
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Let us now consider the integral
(9) mIn =
∫
∞
−∞
dxxmHn(a x+ b, y)e
−c x2+αx ,
that occurs in some problems involving quantum harmonic oscillator, or, in classical
optics, in the evaluation of overlapping of Gauss-Hermite beams. It can be cast in
the form
(10) mIn = ∂
m
α In ,
from which, taking into account the identities
(11) ∂kx Hn(x, y) =
n!
(n− k)! Hn−k(x, y) ∂
k
x e
β x2 = Hk(2 β x, β) e
β x2 ,
one finds
(12) mIn =
√
pi√
c
exp
(
α2
4 c
)
Hm,n
(
α
2 c
,
1
4 c
; b+
α a
2 c
, y +
a2
4 c
| a
2 c
)
,
where we have introduced the two-index Hermite polynomials [2, 3] defined as
follows
(13)
Hm,n(x, y;w, z | τ) =
min(m,n)∑
k=0
m!n!
(m− k)! (n− k)! k! τ
k Hm−k(x, y)Hn−k(w, z) .
The relevant generating function writes
(14)
∞∑
m,n=0
um
m!
vn
n!
Hm,n(x, y;w, z | τ) = exp
(
xu+ y u2 + v w + z v2 + τ u v
)
,
and, thus, using the same procedure as before, we find for integrals of the type
(15) Im,n =
∫
∞
−∞
dxHm(a x+ b, y)Hn(c x+ d, z) e
−f x2+αx
the explicit form
(16) Im,n =
√
pi√
f
exp
(
α2
4 f
)
Hm,n (x¯, y¯; w¯, z¯ | τ) ,
where we put
x¯ = b+
a
2 f
α , y¯ = y +
a2
4 f
, w¯ = d+
c
2 f
α , z¯ = z +
c2
4 f
, τ =
a c
2 f
.
By taking into account that
(17) Hm,n (x, y;w, z | τ) = exp
(
y ∂2x + w ∂
2
z + τ ∂
2
xz
)
xm yn
we obtain the generalization of eq. (8) as
(18) Im,n =
√
pi√
f
exp
(
α2
4 f
)
exp
(
y¯ ∂2x¯ + w¯ ∂
2
z¯ + τ ∂
2
x¯z¯
)
x¯m y¯n .
The operatorial method can be applied from the very beginning and the integral
(16) can be written as
(19) Im,n = exp
(
y ∂2b + z ∂
2
d
) Im,n ,
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where
Im,n =
∫
∞
−∞
dx (a x + b)m (c x+ d)n e−f x
2+αx
=
√
pi√
f
exp
(
α2
4 f
)
Hm,n
(
x¯,
a2
4 f
; w¯,
c2
4 f
| τ
)
.(20)
This approach may simplify the computation of integrals involving products of more
than two Hermite polynomials.
It can now be shown that for the integral
(21) pIm,n =
∫
∞
−∞
dxxpHm(a x+ b, y)Hn(c x+ d, z) e
−f x2+g x ,
an identity analogous to the (10) holds
(22) pIm,n = ∂
p
α Im,n .
The use of the identities
∂kx Hm,n(x, y;w, z | τ) =
m!
(m− k)! Hm−k,n(x, y;w, z | τ)
∂kw Hm,n(x, y;w, z | τ) =
n!
(n− k)! Hm,n−k(x, y;w, z | τ) ,(23)
allows us to obtain for the integral (21) the following expression
(24) pIm,n =
√
pi√
f
exp
(
α2
4 f
) p∑
k=0
(
p
k
)
Hp−k
(
α
2 f
,
1
4 f
)
R(k)m,n
where
R(k)m,n = ∂
k
αHm,n (x¯, y¯; w¯, z¯ | τ)
=
(
c
2 f
)k k∑
l=0
(
k
l
)(a
c
)k m!n!
(m− l)! (n− k + l)! Hm−j,n−k+l (x¯, y¯; w¯, z¯ | τ) .(25)
As a final example, we consider the integral
(26) In =
∫
∞
−∞
dx
(a x+ b)n
(1 + c x2)ν
(n < 2 ν, ν ∈ R) .
The combined use of the generating function and Laplace transform methods yields1
(27)
∞∑
n=0
tn
n!
In =
e b t
Γ(ν)
∫
∞
0
ds e−s sν−1
∫
∞
−∞
dx e−s c x
2+ax t
which can be finally explicitly worked out as
(28) In =
√
pi√
cΓ(ν)
H(ν)n
(
b,
a2
4 c
)
,
1In performing the sum we do not take into account of the condition n < 2 ν, but the consequent
result in eq. (28) must be considered valid only under this hyphotesis.
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where
(29) H(ν)n (x, y) = n!
[n/2]∑
k=0
Γ(ν − k − 1/2)
k! (n− 2 k)! x
n−2 k yk .
These polynomials do not belong to the Appell family and the relevant generating
function can be written adopting an umbral notation as follows
(30)
∞∑
n=0
tn
n!
H(ν)n (x, y) = e
x t+yˆ t2 yˆk = Γ(ν − k − 1/2) yk .
With this assumption we also get
(31) H(ν)n (x, y) = exp
(
yˆ ∂2x
)
xn ,
and then most of the properties of this family of polynomials can be derived straight-
forwardly.
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